Abstract: After oil is spilled and emulsification process has taken place, we sometime have the visual illusion that the oil has disappeared and the threat to the environment has ended. In this article, a theoretical approach is used to investigate the quantitative and qualitative effects of petroleum oil droplets breaking up, and spreading in aquatic environments. The natural actions of droplets fission and transport processes are very effective in diffusing oil contamination from one area to another. Our mathematical results indicate that fission and transport dynamics alone do play a significant role in the overall evolution of the number density of hydrocarbon compounds, but do not remove the contamination. However, scission and transport dynamics lead one step closer to decontamination by helping to release water trapped inside viscous oil during, for instance, the formation of chocolate mousse emulsions. Furthermore, these dynamics need to be combined with more actions like evaporation, weathering, oxidation or biodegradation to get rid of oil emulsion from water surfaces and environments.
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Motivation and introduction
Most of the energy we are using on Earth, to heat, cool or run our cars or homes comes from fossil fuels. Fossil fuels result from decayed animals and plants that have been preserved in the crust of the Earth. The remains of these organic products were chemically transformed over millions of years and contain hydrocarbons that are carbon and hydrogen compounds. An oil spill occurs when liquid fossil fuel also called liquid petroleum hydrocarbon is released intentionally or accidentally into the environment, especially in marine areas. It is generally due to human activity and is a form of pollution, creating considerable damage to natural ecosystems. In these areas, toxins can be found in the air, water and soil that people interact with routinely.
Oil spills at sea are generally much more damaging than those on land, since they can spread for hundreds of nautical miles in a thin oil slick which can cover beaches with a thin coating of oil. Hydrocarbon compounds when poured into water form a mixture of droplets of oil and water (called emulsion). Therefore, it is obvious that oil emulsion is largely transported during an aquatic oil spill. At the same time, larger droplets may break up during the transportation processes to form smaller droplets. In mathematical modelling theory, this means we are in the presence of fission dynamics combined with transport processes. This is mathematically expressed by the integro-differential equation (Okubo and Levin, 2011; Doungmo Goufo, 2014) :
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where in terms of the mass size m and the position x, the state of the system is characterised at any moment t by the droplet-mass-position distribution p = p (t, x, m) , (p is also called the density or concentration of m-droplets at position x at time t), with ω(x, m) represents the velocity of the transport and is supposed to be a known quantity depending on m and x; the rates a and b are defined as in (2) below.
Fragmentation equations, combined with transport terms, have been used to describe a wide range of phenomena. For instance, in ecology or aquaculture, we have phytoplankton population in flowing water. In chemical engineering, we have applications describing polymerisation and polymer degradation, solid drugs break-ups in organisms or in solutions, rock fractures and breakages of droplets. We also have external processes such as oxidation, melting, or dissolution, causing the exposed surfaces of particles to recede, resulting in the loss of mass of the system. Simultaneously, the widening of the surface pores of the particle takes place, causing the loss of connectivity and thus scission, as the pores join each other, see (Doungmo Goufo, 2015; Doungmo Goufo, 2016; Edwards et al., 1990; Huang et al., 1991) and references therein. In this paper, we focus on the transport process and the breakage of oil emulsions, characterising the oil spill spreading in aquatic areas (oceans, rivers or lakes).
Mathematical model and analysis

Breaking up in emulsification processes and conservativeness
When an oil spill occurs in aquatic environments, natural mechanisms are always at work by reducing the severity of the contamination and accelerating the recovery of the affected area. Among these natural mechanisms, we concentrate on the emulsification process (Safferman, 1991) . During oil emulsification processes, billions of oil emulsions that are mixtures of droplets of oil and water (normally immiscible) are formed with various sizes. In the natural evolution dynamics, a droplet can break up to form smaller droplets (daughter droplets). The latter can also break up and so on. For instance, a specific droplet of size n (also called a n-droplet) can disappear due to its fission or appear due to the scission of a m-droplet, with m > n. Mathematically, the evolution of the number density of oil emulsions breaking up during an oil spill can be extracted from (1) to give ( , , ) ( , ) ( , , ) ( , , ) ( , ) ( , , )
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To analyse the model we set the initial condition 
After a s-droplet breaks up, the sum of masses of all daughter droplets should again be s, hence it follows that for any s > 0, x ∈ R 3 0 ( , , ) .
Because the space variable x varies in the whole of R 3 (unbounded) and since the total mass of all droplets is not modified by interactions among them, the following conservation law is supposed to be satisfied:
is the total mass of the ensemble. Since
is the density of a droplet of size m at the position x and time t and that mass is expected to be a conserved quantity, the relevant Banach space to work in is the space ( )
But because uniqueness of solutions of (2)-(3) proved to be a more difficult problem, we restrict our analysis to a smaller class of functions, by introducing the following class of Banach spaces (of distributions with finite higher moments) ( ) ∫ Sometime, after oil is spilled and an emulsification process has taken place, one has the visual illusion that oil contamination to the environment has vanished from the water surface and that the pollution has disappeared. Is it really true? The following remark answers this question.
Remark 1: the fission model described by (2) to (3) is formally conservative, that is, the law (6) 
where we have used the inequality (7). The result follows from the fact that any arbitrary element p of D(A) can be written in the form p = p + − p − , where
that we can take D(B):= D(A) and (A + B, D(A))
is well-defined. Hence, from (8) we obtain the law (6): 
Ecological analysis and concluding remarks
More than 60 million gallons of oil enter the oceans every year, but it is not reported on the news. Oil emulsions generally result from the natural actions of wave or wind mixing hydrocarbons with water. Among different types of emulsions are oil-in-water also called chocolate mousse (Ghazali et al., 2004; Broder and Zeller, 2010) , formed when water is trapped inside viscous oil. Chocolate mousse emulsions may remain in the environment for a very long time if no concrete actions are taken. Hence, fission processes becomes an effective and efficient way to split chocolate mousse emulsions and release trapped water. Unfortunately, the process does not remove oil as shown in the previous sections, but takes us one step closer to decontamination. Thus, these models may be useful for numerical simulations in order to predict the overall progress of the hydrocarbon compounds. It is well known that the rate at which an oil spill diffuses in the environment will determine its effect on it (Benchley, 1995) . The smaller the droplets, the faster they spread. Then, the rate at which oil emulsions fragment will also influence the level of diffusion and contamination. Fragmentation and transport of oil-water emulsions cause oil to move, sink and disappear from the surface, giving the wrong impression that it is gone and the contamination has ended. This is really a false illusion as mathematically shown above. The results indicate hat scission and transport dynamics alone conserve foil mass and total number of hydrocarbons compounds and accordingly, do not change the total quantity of petroleum hydrocarbons of the system. However, oil droplets fission and transport processes do influence the movement of the total number of hydrocarbons compounds by changing their distribution on the water surface, and therefore, accelerating the contamination. Even though various techniques are used by human beings in the clean up of oil spills, only a limited amount of oil can be contained at a time. Eventually the majority of the oil is cleaned up, but the affected areas will still feel the effects of the oil spill for months and even for years. Human strategies and response plans are not enough for a timely and complete decontamination. Thus, more (natural) actions like evaporation, oxidation (Heghes, 2006) , biodegradation (Ghazali et al., 2004; Atlas and Bartha, 1992) or weathering (Maletic et al., 2011) are needed. These, combined with scission or transport processes become, over time, powerful means to get rid of oil emulsion from the environment.
